Introduction
Increased thermal efficiency and the integrity of materials in high-temperature environments is an essential requirement in modem engineering structures in, automotive, aerospace, nuclear, offshore, environmental and other industries. Nowadays, the finite element method is used regularly to obtain numerical solutions for heat transfer problems.
The most common choice when using finite elements is standard Galerkin formulation [1, 2] .
In the present paper a new original finite element approach for solving steady state heat transfer in the solid body, is presented. The main motive for the present investigation is found in the lack of hexahedral (solid) finite element that is reliable [1] and robust, mainly in accordance to change of its aspect ratio. In addition, the motive is also found in the need for the finite element procedure which treats both variables of interest, temperature and heat flux, as fundamental ones [2] . Moreover, the motive is found in well-known problem of connecting finite elements of different dimensionality, i.e. when a model problem has geometrical transitions from solid to thick or thin shell/plate.
Further, the main objective of the present investigation is to show that a new reliable [1] mixed hexahedral (brick) finite element HC:Tq [2] can be used in the analysis of engineering constructions of arbitrary shape, so without need for a posteriori calculation of heat fluxes. Thus, on the contrary to the primal approach, present finite element approach has two fundamental variables, temperature and heat flux, which are calculated simultaneously.
Consequently, the main goal of the present investigation is to validate the use of the new finite element HC:Tq in steady state heat analysis of isotropic, orthotropic or multimaterial solid bodies under different thermal or mechanical loading scenarios.
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The future investigation is oriented toward implementation of the present approach in the existing in-house primal-mixed elasticity code [5] for more accurate determination of thermal stresses, where no consistency problem will occur in calculation of thermal and mechanical deformations [3, 4] .
Weak form of the steady state heat field equations
Let us consider a body which occupies some closed and bounded domain Ω of the Euclidian space (1, 2, 3) n n E = . The inner part of Ω is denoted by Ω , and its boundary by ∂Ω, Ω∪∂Ω=Ω. The boundary is subdivided into four parts: T ∂Ω , q ∂Ω , c ∂Ω and r ∂Ω which are: part of the boundary per temperature, heat flux, heat flux due to the convection and heat flux due to the radiation, respectively, such that Tqcr ∂Ω∪∂Ω∪∂Ω∪∂Ω⊂∂Ω . The state of the body is described by temperature T and heat flux vector q . Let us consider a complete system of field equations for steady-state heat transfer in the strong form, where:
are respectively, the equation of thermal balance that states that the divergence of the heat flux is equal to the internal heat source f , and Fourier's law of heat conduction, which assumes that the heat flux is linearly related to the negative gradient of the temperature, where k is second order tensor of thermal conductivity, which is heat transfer property of an general orthotropic material. If the material is homogeneous and isotropic, the tensor k will degenerate to simple scalar value k , i.e. thermal conductivity coefficient. Nevertheless, the present approach considers full tensor of thermal conductivity.
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These two equa tions are subjected to the following boundary conditions: (6) which are, boundary conditions per temperature (3) and per heat flux (4-6). More clearly, boundary conditions due to the prescribed heat flux are given by the expression (4). Further, boundary conditions due to the convection are given by the expression (5) , where c h is the convective coefficient and a T is the temperature of the surrounding medium. F inally, boundary conditions due to the radiation (6) are not presently considered.
Let us suppose that boundary condition (3) is essential, and hence exactly satisfied by the t rial functions of a problem. Then we need to consider only the weak forms of the equations (1) and (2) . Using the Galerkin procedure, one can seek the weak solution of (1):
where θ denotes test functions in the complete space of the interpolation function, which are taken from the Hilbert space 2 L of all real measurable s quare integral scalar functions: Further, we will consider the weak form of inverted constitutive equations (2) , where vector Q is the test function taken from the space of all measurable square integrable vector fields:
Weak formulation of the mixed problem
Simple summation of (7) and (8) . (9) In these expressions, () Hdiv is the space of all vector fields which are square integrable and have squa re integrable divergence with the norm defined by ( )
However, it is a common opinion that asymmetric formulations are impractical from the computational point of view. Integrating by parts and applying divergence theorem on the first term on the right side of (9) (10) for all { } is too hard. I t is left for future investigation to relax stress continuity on the interface surface(s) only, where fluxes will be chosen from space 2 L as in (10) . Nevertheless, it will be sho wn that this local violation does not affect expected target results in the vicinity or on the material interface.
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Numerical implementation
By analogy with finite ele ment approach in elasticity [5] , after discretization of the starting problem using finite element method, present scheme can be written as a system of (12) In this expression, unknown (variable) and known (initial, prescribed) values of the fluxes and temperatures, denoted by the indices v and p respectively, are decomposed. . Since tensorial character is fully respected, one can easily choose appropriate coordinate system at each global node, useful for prescribing of fluxes and/or temperatures, or results interpretation.
It should be noted that matrix form (12) represents a new original form of resulting system of linear equations in the steady state heat analysis. Especially, because contribution from convective heat transfer represented by matrix entry D is naturally assembled to specified position in (12) connected to temperature degrees of freedom.
Finite element HC8/27
Mixed finite eleme nt per temperature and flux, HC8/(9-27), is shown in Figure 1 . Its acronym is taken from [5] , where the first letter H stands for hexahedral element geometrical shape, while the letter C indicates the use of continuous approximation functions. Temperature and heat flux fields are approximated at least by eight tri-linear shape functions connected to eight corner nodes (elements HC8/9, HC8/21 and HC8/27), or at least by twenty tri-quadratic shape functions connected to eight corner nodes and twelve mid-side 9/25 nodes (elements HC20/21 and HC20/27). In addition, stabilization of finite element is achieved by full or partial hierarchic interpolation of heat flux. In case of the element HC8/(9-27) shape functions for flux are one order higher than for temperature, while for HC20/(21-27) they are both quadratic. Thus, for element HC20/27 twenty-seven flux nodes are available to accommodate full triquadratic expansion in natural coordinates ξ , η and ζ .
Consequently, following multifield combinations of temperature and flux nodes are available to user: HC8/9, HC8/21, HC8/27, HC20/21 and HC20/27. Moreover, per each corner node there is maximum four degrees of freedom 
Solution of the resulting system of linear equations
In the present paper, the method based on multifrontal approach, one of the main categories of direct methods for solving of the resulting system of linear equations, is used.
The core of that method is taken from the code MA47 [6] , representing a version of sparse Gaussian elimination which is implemented using multifrontal method.
Low order tests
In order to check necessary and sufficient conditions for convergence, low order tests are traditionally the first steps in the validation process of each new finite element. In addition, some authors considered these tests as tools for assessment of robustness of finite element algorithms. In the present paper, necessary [10] and sufficient conditions [11, 12] solvability tests are considered.
10/25 
Necessary conditions for solvability
Sufficient conditions for solvability. Eigenvalue analysis
In order to check if one finite element is sensitive to the locking phenomena, that is, to illustrate that element is free of spurious zero-energy modes (mechanisms), an eigenvalue analysis of single finite element is usually performed [ 12] . This test is also known as sufficient conditions for solvability test. It should be noted that presently one finite element free of boundary conditions, passes sufficient solvability test if number of zero eigenvalues of the relevant system matrix in Eq. (12) is equal to one, from the reason that primal variable is scalar function. 
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In Table 1 and Table 2 , calculated eigenvalues are sorted in increasing order. All eige nvalues connected to the temperature degrees of freedom are reported. On the other hand, only the smallest and largest eigenvalue connected to flux degrees of freedom are reported here. We may also see that finite elements HC8/8, HC8/9 pass the present test, with number of negative eigenvalues equal to number of temperature degrees of freedom and positive eigenvalues equal to number of flux degrees of freedom, i.e. Results of the present test for finite elements, HC20/20, HC20/21 and HC20/27 are analogous, i.e. all of them pass the test, where number of negative eigenvalues is equal to 20, and the number of positive eigenvalues is equal to 60, 63 and 81, respectively. 
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High-order tests. The mathematical convergence requirements
As the finite element mesh is refined, solution of discrete problem should approach to the analytical solution of the mathematical model, i.e. to converge. The convergence requirements for shape functions of an isoparametric element can be grouped into three categories, that is: completeness, compatibility and stability [1, 2] . Consequently, we may say that consistency and stability imply convergence.
Completeness criterion requires that elements must have enough approximation power to capture the analytical solution in the limit of a mesh refinement process. Therefore, the finite element approximation functions must be of certain polynomial order ensuring that all Further, compatibility criterion requires that finite element shape functions should provide temperature continuity between elements, in order to provide that no artificial temperature gaps will appear during heat transfer. As the mesh is refined, such gaps could multiply and may absorb or release spurious energy. So, patch trial functions must be Nevertheless, completeness and compatibility are two aspects of so-called consistency condition between mathematical and discrete models. Consequently, a finite element model that passes both completeness and continuity requirements is called consistent.
Further, if considered finite element is stable, non-physical zero-energy modes in finite element model problem will be prevented. The overall stability of mixed formulations is provided if two necessary conditions for stability are fulfilled i.e., the first condition represented by the ellipticity on the kernel condition and second condition represented by the inf-sup condition [1, 2] .
It should be noted that satisfaction of the completeness criterion is necessary for convergence of the finite element solutions, while violating other two criterions does not necessary mean that solution will not converge.
Consistency condition for finite element HC(8-20)/(9-27)
Presently, variational indices for temperature variable field and flux variable field are H Ω , as it can be seen from expression (11) . Consequently, they are chosen to have 0 C continuity, i.e. they are continuous, with finite first deriva tives. Accordingly, the completeness and compatibility requirements for both fields are satisfied in the present case.
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Nevertheless, it should be noted that from the reason that flux derivatives do not appear in the present formulation (10), the over-constrained continuity requirement on the heat flux's trial and test shape functions may be relaxed to be from sub-space 2 L , i.e. discontinuous, between the finite elements if it is physically justified, as in the case of the abrupt material changes (on the interface of two materials).
First stability condition
The mixed formulation that we are considering can be written in the form ((,) ,(,))(,) TF Θ=Θ BqQQ (14) where, [2] , from the reason that the corresponding bilinear form a is quadratic.
In addition, in the analysis of the present mixed formulation, a is positive definite, symmetric and bounded and ( 17) is satisfied for all h Q ϑ ∈ . Consequently, in the present problem a is coercive.
Hence, the first stability condition of the present finite element family ( ) ( ) is satisfied a priori.
Second stability condition
For the present finite element, the second stability condition is satisfied if value h γ , following from LBB (Ladyzhenskaya, Babuška, Brezzi) condition (see [ 13] , p. 76, Eq. 
In addition, condition (18) 
The square root of the smallest eigenvalue of the problem (22), that is min λ , is equal to the inf-sup value h γ in (18) . If the inf-sup values, for chosen sequence of finite element meshes, do not show decrease toward zero (meaning that min λ values stabilize at some positive level) it can be said that the element passes the inf-sup test. It should be noted that decreasing of the inf-sup values on log-log diagram would be seen as a curve with moderate or excessive slope. This approach was already used in [14] for testing the stability of quadrilateral finite elements QC4/5 and QC4/9, and in [5, 15] for testing the stability of the hexahedral finite element HC8/9 in linear elasticity. Nevertheless, the investigation whether the present finite elements passes numerical inf-sup test (22) is left for future report.
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Numerical experiments
Although some exact solutions are available in standard references, there are few three-dimensional cases available. In the present section proposed method is tested on the several standard benchmark examples in steady state heat analysis. Size of elements is chosen to achieve reasonable engineering accuracy with reasonable computing times. Only those results for which the theoretical solution is known are given, while other results available from the analyses are not reported here.
Cooling of the still rod
A nickel-steel rod of length From the Figure 3 we can see excellent agreement with theoretical results obtained by one-dimensional theory, which is less than 0.8% in error for all monitored rod's sections.
Solid steel billet
In the present example steady state heat transfer in a solid steel billet [7] , shown in Nevertheless, the main difference is in calculation of heat flux field. In the primal approach (Straus7) it is calculated a posteriori that results with abnormal discontinuity along element interfaces (see Figure 6 on the left), which raise the need for the use of some recovery or smoothing technique of the heat flux (dual) variable [8] . On the other hand, presently heat flux field is calculated as the fundamental variable and it is continuous as it is expected to be (see Figure 6 on the right).
20/25 From the results reported in the Figure 8 , we may notice that present finite element scheme instantly converge to the target result.
Hollow sphere with Two Materials and Convective BC's
Steady state heat transfer through a sphere made of two materials is analyzed [18] . The inner radius is of 0.30m , the interfacial radius is 0.35m , and outer radius is 0.37m . The sphere has convection boundary conditions, both on the inner and outer surface. On the outer surface, convection coefficient is From the results reported in the Figures 10 and 11 , we may see that present solutions converges to some new target values that are a little bit lower in accordance to the given ones [18] . Nevertheless, for all considered target points relative error per finite element mesh in accordance to the target result, is less than 1.75% .
Conclusion
In the present text, mathematical aspect of convergence of the proposed finite element family HC(8-20)/(9-27), are analyzed. It is proven that present finite element family is consistent, solvable, and passes first stability condition. Further, from the standard benchmark examples in steady state heat analysis of solid bodies solved by the present finite element family, we may preliminary conclude that it converge s regardless of the geometry, abrupt material changes, or distortion of the finite element (e.g. excessive thickness ratio). Moreover, we may emphasize that one of the main potentials of the present hexahedral finite element is in overcoming of well-known transition problem of connecting finite elements of different types and dimensions.
Consequently, we may end with conclusion that present finite element approach gives us greater design freedom than standard primal approaches that use different kind of finite elements: solid, plate/shell, beam. It should be noted that temperature results obtained by the present approach are a little bit lower than available target results. In addition, present finite 24/25 element approach will be used in connection with the existing in-house software [5] , based on the original reliable mixed displacement/stress finite element approach in elastic ana lysis, which is new original weakly coupled mixed steady state heat / thermoelasticity finite element approach in literature, with unique design characteristics. 
